Two dimensional solutions of the magnetic field and magneto elastic stress are presented for a magnetic material of a thin infinite plate containing an elliptical hole with an edge crack subjected to uniform magnetic field. Using a rational mapping function, each solution is obtained as a closed form. The linear constitutive equation is used for these analyses. According to the electro-magneto theory, only Maxwell stress is caused as a body force in a plate. In the present paper, it raises a plane stress state for a thin plate, the deformation of the plate thickness and the shear deflection. Therefore the magneto elastic stress is analyzed using Maxwell stress. No further assumption of the plane stress state that the plate is thin is made for the stress analysis, though Maxwell stress components are expressed by nonlinear terms. The rigorous boundary condition expressed by Maxwell stress components is completely satisfied without any linear assumptions on the boundary. First, magnetic field and stress analyses for soft ferromagnetic material are carried out and then those analyses for paramagnetic and diamagnetic materials are carried out. It is stated that those plane stress components are expressed by the same expressions for those materials and the difference is only the magnitude of the permeability, though the magnetic fields H x , H y are different each other in the plates. If the analysis of magnetic field of paramagnetic material is easier than that of soft ferromagnetic material, the stress analysis may be carried out using the magnetic field for paramagnetic material to analyze the stress field, and the results may be applied for a soft ferromagnetic material. It is stated that the stress state for the magnetic field H x , H y is the same as the pure shear stress state. Solutions of the magneto elastic stress are nonlinear for the direction of uniform magnetic field. Stresses in the direction of the plate thickness and shear deflection are caused and the solutions are also obtained. Figures of the magnetic field and stress distribution are shown. Stress intensity factors are also derived and investigated for the crack length.
Introduction
In the present paper, an infinite plate containing an elliptical hole with an edge crack exposed by magnetic field from out side of the plate are analyzed. In the previous paper (Hasebe, 2010a) , the plate applied magnetic field induced by electric current was analyzed. Uniform magnetic field is one of the typical magnetic field as well as magnetic field caused by electric current. Main reviews have been stated in the previous paper; therefore the reviews are omitted for the limit pages.
Maxwell equations are essentially three dimensional ones for the magnetic field. Generally speaking, three dimensional boundary value problems are more difficult than those of two dimensional ones; therefore many problems have been modeled and analyzed as two dimensional problems. It seems not to be easy to make the two dimensional model of the magnetic field. However, when the plate is thin, the magnetic field in the plate with a hole can be obtained; therefore, the analysis is carried out for the thin plate, and also plane stress analysis can be applied.
According to the electro-magneto theory, only Maxwell stress components are caused as the body force in the magnetic material; therefore, Maxwell stress is considered for the stress analysis. No further assumptions for the magnetic stress analysis are made except the assumption of the plane stress state that the plate is thin, though Maxwell stress components and the boundary condition are expressed by the nonlinear terms of Maxwell stress components.
Intensities of the magnetic field component and stress intensity factors at the crack tip are obtained. The relationships among paramagnetic, diamagnetic and soft ferromagnetic materials are investigated for magneto elastic stress. Also the present problem causes shear deflection and the stress in the direction of the plate thickness. In the previous paper, shear deflection does not arise. To the best of our knowledge, though the present problem is one of the fundamental problems, it seems not to have been solved analytically.
Preparation of problem and mapping function
The present study is shown in Fig. 1 . The field of air surrounding the plate is called material 1, and the plate is called material 2, and the permeability is expressed by l (1) andl (2) , respectively. The surfaces of the plate are named surfaces S 1 , S 2 and S 3 . The plate thickness is ''h'' which is assumed to be thin, and the elliptical hole has the semi-axes of ''a'' and ''b'', and the crack length is ''c''. The coordinates are denoted by x, y and z, respectively. The magnetic induction field of B 0 Tesla applies to the entire plate from the outside of the plate, and the direction is c radian from the x axis toward the counterclockwise direction, and the incident angle is a 1 radian from the vertical direction (see Fig. 3d ). The magnetic induction field vector, B 0 , is expressed by the magnetic field intensity vector H 0 ,
where l 0 : the magnetic permeability of free space (vacuum), 4p/ 10 7 (NA
À2
) and v
: the magnetic susceptibility of material 1 (air). To solve a problem shown in Fig. 1 , the following rational mapping function is introduced:
where the complex variable ''w'' is defined as w = x + iy to avoid confusion for ''z'' of the coordinates, and F 0 , F k (k = 1,. . ., 25) and F c are constants, poles f k (k = 1,. . .,2_4) are located inside the unit circle, and n = 24 is used in this paper. This mapping function maps the exterior of the elliptical hole with an edge crack in the w-plane to the exterior of the unit circle in the f-plane shown in Fig. 2 . The formulation is given in Hasebe and Horiuchi (1978) , Hasebe and Inohara (1981) and Hasebe and Wang (2005) . When coefficients F k = 0 (k = 1,. . . , 24) and F 0 = (a + b)/2 and F 25 = (a À b)/2, the hole becomes an elliptical one where 'a' and 'b' are semi-axes of the elliptical hole. The magnitude of a radius, q, of curvature at the crack tip of (2) is q/a = 10 À9 -10 À11 which depends on the crack length and is very small. The radii of curvature at convex points K and H are also small, which is zero for an irrational mapping function.
One of the biggest merits using a rational mapping function is that stress functions achieved are exact ones for the geometrical shape represented by the rational function and a solution of a closed form can be obtained (Muskhelishvili, 1963) . A rational mapping function of a sum of fraction expressions of (2) is also applied to any complicated configuration in principle (Hasebe and Horiuchi, 1978; Hasebe and Ueda, 1980; Hasebe et al., 1984) . The technique can be also applied to a crack problem directly to calculate stress intensity factor.
Analysis of the magnetic field for a soft ferromagnetic material
The basic equations of the magnetic field in the thin plate (jzj 6 h/2) can be expressed by magnetic field intensity from Maxwell equations due to a linear constitutive equation as follows (Moon, 1984) :
In the previous paper (Hasebe, 2010a) , the electric current terms exist on the right hand side of (3a, b) which is different from the present paper. In material 1, (3) and (4) must be also satisfied. These equations are solved under the following boundary conditions on the entire surfaces S 1 , S 2 and S 3 between materials 1 and 2: 
, l
(2) and B
, H
(1) are the magnetic induction field, the magnetic field intensity and the magnetic permeability of materials 2 and 1, respectively; n is a unit normal vector at the interface. Eqs. (5a,b) denote the continuity of the magnetic induction field normal to and the magnetic field intensity tangential to the surface, respectively. The exact magnetic field problem is a three-dimensional one and is difficult to be solved exactly;
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Surface S2 therefore a few assumptions are made, appropriate for the kind of material. These assumptions are stated in Appendix A.
The magnetic field applied to the plate shown in Fig. 3a is decomposed in the magnetic field intensity parallel to the plate (Fig. 3b ) and in the vertical magnetic induction field to the plate (Fig. 3c) . The respective magnetic field is analyzed.
3.1. Analysis of magnetic field caused through surfaces S 1 and S 2
The magnetic field shown in Fig. 3b is analyzed. The magnetic field can be assumed H z (x, y, z) = 0(jzj 6 h/2) in the plate of a soft ferromagnetic material stated in Appendix A, and H x (x, y, z), H y (x,-y, z) are uniform through the plate thickness, i.e., the components are not functions of variable z and are expressed by H x (x, y), H y (x, y). Therefore the basic equations from (3) and (4) are 
Introducing the magnetic complex potential function A(w) = A(x(f)) A(f) satisfying (6), the components of the magnetic field intensity are calculated from the following equation (Hasebe et al., 2007; Hasebe et al., 2008) :
The boundary condition on surface S 3 is expressed as:
where r denotes f on the unit circle in the f plane and the bar above function denotes the conjugate function. In the present problem, the magnetic field expressed by (A2) in Appendix A arises in the plate, and this magnetic field intensity has not satisfied the boundary condition (7). The magnetic complex potential function to be achieved is expressed as follows:
where the function, A a (f), is given by (A2). Substituting the equation above into the boundary condition, (7) and (9), multiplying the resultant equation by dr/[2pi(r À f)], where f is a point outside of the unit circle, and applying the Cauchy integral on the unit circle in the clockwise direction, the function, A b (f), is obtained as follows:
where H 0 is the magnitude of the magnetic field intensity H 0 . The constant term appearing in the equation above becomes zero because A b (1) = 0 at the remote field. Therefore, (10) is expressed as
where F 0 ¼ F 0 . Components of magnetic field intensity H r (f) and H h (f) normal and tangential to the curvilinear coordinates, respectively, expressed by the mapping function are calculated from the following equations: The boundary condition of (5b) on surface S 3 shown in Fig. 4 is given by
From (5a) and l
(1) /l (2) % 0, the components of the magnetic field intensity vertical to surface S 3 is zero on surface S 3 (see (7)), i.e., H ð2Þ r ðx; yÞ ¼ 0 ð15Þ
In the equation above, the components on the surface S 3 may be uniform through the plate thickness, i.e. not functions of variable z. Because the boundary condition (14) 
It is noticed that very large magnetic field intensity H ð1Þ z arises on the plate.
Figs. 5 and 6 show non-dimensional magnetic field for an elliptical hole with some crack lengths. The magnitude is shown by the distance from the axis. The magnetic field intensity, H h , along the elliptical hole is positive in the counterclockwise direction. The component H h is zero at the points K(H) because of the convex corners. The concentration of H y arises at the notch tip in Figs. 5 and 6 forc = p/2. It is interesting that Fig. 5 in the present paper is the same form as that of the previous paper (electric current) (Hasebe, 2010a ) except for the sign of H x , H y , H h because the direction of the magnetic field is different by 180°each other. The magnetic field H ð2Þ z is constant in the entire plate (see (18)) and is different from that of the electric current (Hasebe, 2010a) .
Maxwell stress components and the discontinuous magnitude on the boundary surface
In the present paper, Maxwell stress for stress analysis is used for a soft ferromagnetic material (a linear magnetic material). The magnetic field influences the elastic body through the Lorentz body force in equilibrium equations (Paria, 1967; Moon, 1984) . 
In the equation above, l is the permeability of the magnetic material 2. In the following equations, the superscript (2) of l for material 2 is omitted except for especial cases.
The components of magnetic field intensity H x , H y in the plate (jzj 6 h/2) are given by (12), (8) and H z (x, y) is given by (18). The discontinuous magnitude of Maxwell stress between materials 1 and 2 is expressed as follows (Hasebe, 2010a) :
where the direction of the positive normal vector n is one from materials 2 to 1 on the surface. It is noticed that the direction of the discontinuous magnitude of Maxwell stress is normal to the surface. Each magnetic stress on surfaces S 3 , S 1 and S 2 is presented as follows:
(a) Boundary surface S 3 :
On surface S 3 , the magnetic field intensities considering (7) are
where H h is the magnetic field intensity along the elliptical surface (see (13)), and
z Þ is the magnetic field intensity in the direction of the plate thickness on surface S 3 (see Fig. 4 and (14)). The discontinuous magnitude on surface S 3 is given from (22) and (23) by the following equation:
where l (1) ( l (2) for a soft ferromagnetic materials. This magnetic stress component T n exerts from materials 2 to 1 on surface S 3 . Therefore the magnetic stress component applied to material 2 is ÀT n . (b) Boundary surfaces S 1 and S 2 :
The magnetic field on surfaces S 1 and S 2 from (5), (8, 12) and (18) (see Figs. 3b and c) is
These magnetic stress components contribute to the deformation of the plate thickness, because the magnitudes of (25) are the same values with the opposite direction on surfaces S 1 and S 2 , respectively.
Figs. 7a and b show Maxwell stress components symmetric to and anti-symmetric to the z = 0 plane, respectively. All Maxwell stress components in the plate are not functions of variable z. The contribution of these Maxwell stresses to the deformation as the body force is investigated. The equilibrium Eq. (20) is divided to the following three equilibrium equations due to the contribution of Maxwell stress components to the deformation: Fig. 7 . Maxwell stress components.
State 1: The components 1=2lðH
and lH x H y = lH y H x in Fig. 7a contribute to the plane elastic deformation (see (21)) and the magnetic stress on the boundary is given by (24). The shear stress components s xz = s yz = 0 symmetric to the z = 0 plane can be assumed, because the plate thickness is thin. Therefore the stress analysis is carried out as plane stress problem (generalized plane stress state) in the next section. State 2: The component 1=2lðH Fig. 7a contributes to the deformation of the plate thickness. The boundary condition is given by (25) and the stress analysis is carried out in Section 6. State 3: Maxwell stress components shown in Fig. 7b apply as the shear stress in the plate and cause the shear deflection of the thin plate. The stress analysis is carried out in section 7. This shear deflection does not arise in a plate under uniform electric current in the previous paper (Hasebe, 2010a) . It is necessary to state that the out of plate bending due to the bending moment is not caused by Maxwell stress shown in Fig. 7 and also the magnetic stress on the boundary (see (22)). Therefore the deflection of the plate in the present problem is caused only by the shear deflection mentioned in state 3.
Analysis of plane stress problem
For convenience, the plane stress problem is separated to two stress states and are analyzed for each problem, i.e., stress states (a) and (b) as follows (Hasebe, 2010a) :
Stress state (a): (Hasebe, 2010a; Hasebe et al., 2007) .
Another stress function is obtained from analytic continuation of (30) as
As mentioned in Appendix B, it is interesting to notice that the stress states of (29), (31) and (32) are the same as the pure shear stress state (Hasebe and Ueda, 1980) . 
Multiplying dr/[2pi(r À f)] to (35), and carrying out Cauchy integration on the unit circle, the following equation is obtained: k Þ is determined by similar way to the stress state (a) (Hasebe, 2010a; Hasebe et al., 2007) .
Another stress function is obtained from analytic continuation of (35) 
Stress in the direction of the plate thickness
Because s zx = s zy = 0 is assumed when the plate thickness is thin, the equation contributing to the deformation of the plate thickness is expressed by (see Fig. 7a ) (Hasebe, 2010a) , 
The variation of the magnetic momentum on the boundary surfaces S 1 and S 2 (jzj =±h/2) is
ð40a; bÞ where external force p z = 0 in the present problem and the magnetic stress, T n , is given by (22) . From (39) and (40) (1)). When the incident angle a 1 = p/2, the magnetic field intensity in the plate is H z = 0, and r z is almost zero because l (1) is very small (see the second term of the second equation of (41)).
Analysis of the shear deflection
In the previous paper of the electric current, the shear deflection does not arise. In the present paper, the shear deflection arises, and the derivation is carried out. The equilibrium equations due to Maxwell shear stress components anti-symmetric to the z plane (see Fig. 7b ) can be written from (20) and (21) as follows: (42) is an anti-plane shear stress problem (longitudinal shear stress problem) (Hasebe et al., 1986a (45) satisfies the boundary condition (s zr = 0) on surface S 3 because H ð2Þ r ¼ 0 is satisfied (see (7)). When the shear deflection is expressed by w s (x, y), the shear stress components are expressed by s zx ¼ G@w s =@x; s zy ¼ G@w s =@y ð46a; bÞ where G is the shear modulus. The shear deflection w s (x, y) is confirmed to be a harmonic function from (42c) and (46), because (6b) and (17) holds. Therefore introducing a complex potential function S(w) = S(x(f)) S(f), the shear stress components and the shear deflection are expressed using (45), (46a,b) and (8) The function,S(f), is derived by the integral of (47a):
The defection angle at infinity becomes constant value, but the shear deflection becomes infinite, because the plate is infinite, and the deflection is anti-symmetric to, for example, the y axis forc = 0. It is noticed from (47b), (48), (14) and (12) that when the incident angle a 1 = p/4, the shear deflection and shear stresses are maximum.
The shear stress components s zh , s zr tangential and normal to the curvilinear coordinates, respectively, expressed by the mapping function (2) are calculated from s zr À is zh ¼ e ib ðs zx À is zy Þ ð 49Þ where e 
/l (2) % 0 was used. Fig. 15 shows non-dimensional SIF for stress state (a) and the line of e K Iaeq is that for the equivalent crack length 2a cr = (2a + c). The equivalent SIF is defined (Hasebe, 2010b) as follows: 
The SIF increases with the crack length; therefore, once a crack starts to propagate, it does not stop. Modes I and II SIF change with cos 2c and sin 2c for the magnetic field direction, respectively. When the direction of the uniform magnetic field is c = 0 and c = p/4, the K Ia and K IIa take the maximum value, respectively. The difference between SIF and e K Iaeq shows the effect of the elliptical hole. These SIF are the same as those of SIF of the uniform electric current (Hasebe, 2010a).
The SIF for stress state (b) can be obtained using the stress func- is only different. This fact was already stated in Hasebe et al. (2007); Hasebe (2010a) .
The boundary condition of stress state (b) for paramagnetic and diamagnetic materials is also given by (35). Therefore the stress functions are the same as those of soft ferromagnetic material. Naturally because the magnetic field (18) and the boundary condition are the same ones for paramagnetic, diamagnetic and soft ferromagnetic materials, the same magnetic stresses can be obtained. The only difference is the magnitude of permeability of the materials among these materials. Therefore from the discussion above the distinction among paramagnetic, diamagnetic and soft ferromagnetic materials is unnecessary for the analyses of the plane stress state, though the magnetic fields H x , H y are different for each material. This fact comes from that the constitutive equation of the magnetic material is a linear one. If to obtain the magnetic and stress fields of a paramagnetic material is easier than that of a soft ferromagnetic material, the analyses may be carried out using the magnetic field of a paramagnetic material and then the results can be applied to a soft ferromagnetic material. Analysis of shear deflection for paramagnetic and diamagnetic materials can be carried out by the same way as section 7 and the same form solution can be obtained for stress components. However the magnetic fields H x , H y are different from those of a soft ferromagnetic material.
The stress component r z is derived by the same way as that in section 6. It is
The first equality is the same form as that of (54). However the function of the magnetic field H x , H y is different from that of soft ferromagnetic material. Therefore the distributions are different for the respective materials. However in case of a soft ferromagnetic material, the second term can be neglected. The magnitude of r z for paramagnetic and diamagnetic materials is extremely small and can be neglected in engineering side.
Conclusions
Using a rational mapping function, the analyses of the magneto elastic field and the magnetic stress were carried out. The closed form solutions were obtained for each problem. If F k = 0 (k = 1,2,. . . , n (= ;24)) are taken in these solutions, the solutions for an elliptical hole can be obtained. When the semi-axesa = 0, b -0, and the crack length c -0, solutions of a T shaped crack can be obtained for each problem. If the coefficients of the mapping function (2) are changed, other geometric shapes can be analyzed, for examples, a square hole with a crack (Hasebe and Ueda, 1980) , and a kinked crack (Hasebe and Inohara, 1981; Hasebe et al., 1986b) . The radius of curvature at the crack tip is very small; therefore the stress intensity factor can be calculated directly from the stress function. This is one of the merits of a rational mapping function of the present paper.
The magneto elastic stress analysis using Maxwell stress is straightforward and acceptable, because according to the electromagneto theory, only Maxwell stresses are caused as the body force in the magnetic material. Except for the approximation of the plane stress state in which the plate is thin, no further assumptions for the stress analysis are made, though Maxwell stresses and the boundary condition are expressed by nonlinear terms due to Maxwell stress components. The boundary condition expressed by Maxwell stress is the precise boundary condition which is completely satisfied without any linear assumptions on the boundary.
Maxwell stress components in the present problem cause the shear deflection as well as the plane stress state and the stress component r z . From the stress analysis which was carried out for soft ferromagnetic, paramagnetic and diamagnetic materials, as the result, the expressions of stress for those materials for plane stress state are the same ones, though the respective magnetic fields, H x , H y , are different. This mechanical truth comes from a linear magnetic material. If to obtain the magnetic field of a paramagnetic material is easier than that of a soft ferromagnetic material, the stress analysis may be carried out using the paramagnetic field of the paramagnetic material, and then the solution can be applied to a soft ferromagnetic material.
The stress of r z are different for respective materials, but is strong compressive stress in the plate for a soft ferromagnetic material. The magnetic field intensity H ð1Þ z ðx; yÞ is very large in the plate (see (19)).
The magnetic fields in the plate consist of those through surfaces S 1 and S 2 and through surface S 3 . The magnetic field is essentially three dimensional one; therefore, the precise twodimensional magnetic field in the plate is necessary to analyze the two-dimensional magneto elastic problem.
Stress state (a) caused by the magnetic field H x , H y is the same as that of uniform shear stress state. Therefore, the stress functions of stress state (a) for a thin plate with a hole of an arbitrary shape under uniform magnetic field are given by the stress functions with uniform shear stress ÀlH 2 0 ðsin a 1 Þ 2 =2 s 0 at the remote field.
Stress components for an infinite plate with an arbitrary shaped hole can be obtained from Hasebe et al. (2001 Hasebe et al. ( , 2007 or for example, (Hasebe and Ueda, 1980) for pure shear stress analysis. Or superposition of stress states subject to compression in the direction of magnetic field and tension in the perpendicular to the magnetic field at the remote field. This fact coincides with Faraday's law of electric power line. The SIF for stress state (a) are given by (53), and take maximum values when the incident anglea 1 = p/2. When anglec = 0, K Ia also takes a maximum value. Stress components and SIF for an arbitrary direction of the magnetic field cannot be obtained by the composition of the individual direction, for example, c = 0 and p/2.
Stress state (b) is caused by the H z (x, y) magnetic field. The stress order of Stress states (a) and (b) is the same one in the magnitude, and the magnetic stress was investigated for steel as an example, and the comparable stress is caused in magnitude in engineering.
The shear deflection is caused for any incident angle (oblique magnetic field to the plate) except a 1 = 0 and p/2, and the analysis is carried out as an anti-plane shear problem. The shear stress deflection takes the maximum value fora 1 = p/4, and produces Mode III SIF which takes maximum value at the angle a 1 = p/4.
An out of a thin plate bending deflection due to the bending moment does not arise under uniform magnetic field. Magnetic fields H x , H y have a singularity of order 1= ffiffi ffi r p at the crack tip, but magnetic field H z (x, y) does not have a singularity at the crack tip and takes a finite value. The singularity of order 1/r does not appear in the stress components, though Maxwell stress components H 2 x ; H 2 y have a singularity of order 1/r, because Maxwell stress terms do not appear in the stress components.
The saturation of the magnetic field has not been considered due to the assumption of the linear constitutive equation. The range of the application of the linear magnetic stress analysis depends on the magnetic materials. The linear magneto elastic stress analysis can be seen as an analogue to the elastic analysis for the real elastic-plastic materials.
